Abstract. We prove the existence, some absorbing properties and some regularities of ðL 2 ðR N Þ; L p ðR N ÞÞ, 2 a p < y, global attractor for the m-Laplacian type quasilinear parabolic equation in R N with a perturbation gðx; uÞ þ f ðxÞ.
Introduction
In this paper we consider the existence of some global attractors for nonlinear parabolic equations of the m-Laplacian type in R N : For the case m ¼ 0 the existence of L 2 global attractor for the problem is proved by Wang in [18] under appropriate assumptions on g and f . Recently Khanmamedov [8] has discussed the existence of ðL 2 ; L pÃ Þ global attractor in a weak sense of the problem (1.1)-(1.2) with lu replaced by ljuj m u where p Ã is a certain special exponent. In these papers it is assumed that g u ðx; uÞ b ÀkðxÞ for an approprate function kðxÞ, which is essentially used to assure the uniqueness of solutions.
Th object of this paper is to prove the existence of ðL 2 ; L p Þ global atractor for any p b 2, in particuler, L 2 global attractor in the usual sense of the problem (1.1)-(1.2). We derive L y estimate of solutions by Moser's technique as in [1, 10, 14, 17] and due to this we need not make the assumption like g u ðx; uÞ b ÀkðxÞ to show the uniqueness.
The existence and some properties of global attractors of the nonlinear parabolic equations of m-Laplacian type in bounded domains have been studied by several authors (see Cholewa and Dlotko [5] , Takeuchi and Yokota [15] , Matsuura and Otani [9] and Nakao and Aris [11] etc., in this case the term lu is not necessary). But, there seem to be little results for the problem in R N . One of the di‰culties comes from the lack of Poincare's inequality like kuk 2 a Ck'uk mþ2 and another is the lack of compactness of the embedding, say,
The first one is easily removed by adding the potential term lu, l > 0. To ovetrcome the other one we need to prove the uniform smallness of the norm of kuðtÞk L p ðBðRÞ C Þ for large t and large R, where BðRÞ C is the complement of BðRÞ 1 fx A R N j jxj < Rg. In [8, 18] this is proved for p ¼ 2 by a rather complicate argument using abstract semi-group theory.
Here, we prove the fact for p b 2 by a direct cut-o¤ technique. We derive various estimates of solutions. Our estimates show that the global attractor A is a bounded set in L y ðR N Þ V W 1; mþ2 ðR N Þ. Further, under an additional regularity assumption on g and f we derive an estimate of A in
For the proof we use again Moser's technique (cf. [1, 11, 12, 13] ). Indeed similar estimates are derived in [11] for the problem in bounded domains and here we modify the argument there.
Global attractor is a basic concept to analyse the asymptotic behaviour of solutions of nonlinear evolution equations (cf. [3, 5, 6, 16] ) and the parabolic equations of m-Laplacian type is one of the most typical nonlinear evolution equations, and so our argument and result here seem to be useful to consider other related problems.
Statement of the results
We use only standard function spaces and omit the definitions. We use
We make the following assumptions: 
is valid with r ¼ 0 and r ¼ b, respectively.
We set
We begin with existence and uniqueness theorem of global solutions for the initial data u 0 A L 2 ðR N Þ which includes various information to construct global attractors. Our existence theorem seems to be new and meaningful aparting from global attractors. We seek for the solutions in the class
In the sequel we often omit R N in the notations of function spaces.
We make the following definition of solutions. Theorem 2.1. Assume Hyp.A, Hyp.B with 0 a r < ð4 þ mN þ 2mÞ=N and Hyp.C. Then, for u 0 A L 2 , the problem admits a unique solution uðÁÞ A X which satisfies the following estimates:
ð2:6Þ
Â ðM þ LÞ Nð pÀ2Þ=ð pð2mþ4þmNÞþmð pÀ2ÞÞ ;
for any 0 < t < y, where Cða; bÞ denotes constants depending on a, b and C, C p are constants independent of u 0 , M and L.
Remark 2.1. For the problem in a bounded doamin with the Dirichlet boundary condition we have the estimate (cf. [11] )
which is independent of u 0 and a little di¤erent from (2.8).
We denote the solution uðtÞ in Theorem 2.1 by SðtÞu 0 . SðtÞ is a con- A is independent of p and satisfies the following properties:
and it holds that
Further, according to the estimates in Theorem 2.1, A or more precisely the absorbing sets B L 2 ðRÞ, B L y ðRÞ have the following absorbing properties: 
This definition may be a little di¤erent from a standard one, but, this seems to be more convenient for our use. (If B is an absorbing set in the above sense U e ðBÞ with any e > 0 is an absorbing set in a standard sense.) Corollary 2.1. SðtÞ is a continuous semi-group in L 2 V L q for any q b 2 and there exists a global attractor A in L 2 V L q which satisfies all of the properties stated in the previous Theorem.
If we assume (2.4) with r ¼ 0, both of uniqueness and continuity of solutions in L 2 easily follow without L y estimate. We also note that from the proof, M þ L appearing in the estimates (2.5), (2.8) and (2.9) is replaced by 
A typical example which Corollary 2.2 is applied to is gðx; uÞ
A related problem will be discussed in [4] . Theorem 2.3. In addtion to Hyp.A, Hyp.B and Hyp.C we assume
with some k 4 > 0 and a b 0. We set
Then the solution in Theorem 2.1 further satisfies the estimate: 
For the proof of Lemma 2.2, see Ohara [14] .
The following variant of Gagliardo-Nirenberg inequality is also very useful to prove smoothing e¤ect and also derive estimate of solutions by use of Moser's technique. 
Þ, where C is a constant independent of q, r, b and y if N 0 p, and a constant depending on q=ðb þ 1Þ if N ¼ p. (We except for the case N ¼ p and q ¼ y).
Proof of Theorem 2.1
In this section we derive a priori estimates of the assumed solutions uðtÞ in X , and we give a proof of Theorem 2.1.
The solutions are in fact given as limits of smooth solutions of appropriate approximate equations and we may assume for our estimations that the solutions under consideration are su‰ciently smooth. We shall begin with the estimates of kuðtÞk 2 
where we have used the assumption on g and s. From this, 
Applying Lemma 2.1 to (3.4) we can derive (2.6). 
We shall show, by induction, kuðtÞk p n a h n t Àl n ; 0 < t a 1; ð3:7Þ
Replacing the right-hand side of (3.6) by p n kuðtÞk p n þ CðL þ MÞ and applying Lemma 2.2 with
where we set
We can show that fh n g is bounded by a constant Cðku 0 k 2 ; M þ LÞ independent of n and also lim n!y l n ¼ N=ðmN þ 2ðm þ 2ÞÞ ¼ m. Thus we conclude the estimate (2.7) for 0 < t a 1.
To show the estimate for kuðtÞk y , t b 1, we return to the inequality (3.1) to get
and hence kuðtÞk p a kuð1Þk p e Àlt þ CðM þ LÞ; t b 1:
Taking the limit as p ! y and using the estimate kuð1Þk y we have the latter estimate in (2.7).
We proceed to the estimation of k'uðtÞk mþ2 . 
We setG
for some C > 0. Then, by the assumptions on s and gðx; uÞ we easily see that CG GðtÞ a k'uk
Since ðdG G=dtÞðtÞ ¼ ðdG=dtÞðtÞ the inequalities (3.9) and (3.10) together with the estimate (2.1) yield
and hence,
ð3:11Þ which impliesG
Thus we conclude (2.8). Finally we return to (3.9) to get ð y
for any 0 < t < y, which shows (2.9).
Completion of the proof of Theorem 2.1.
We are now in a position to complete the proof of Theorem 2. where s e is a smooth functions on ½0; yÞ such that
g e ðuÞ and f e are smooth functions tending to g and f , respectively, in convenient ways (see [11] ). The problem admits a unique smooth solution u e; d ðtÞ. (Note that this solution is given by a limit of approximate solutions u e; d; R of the problem in a bounded domain BðRÞ in R N , where we take R such that supp u 0; d H BðRÞ and we impose the homogeneous Dirichlet boundary condition on qBðRÞ.) It is easy to see that all of the estimates established for assumed solution uðtÞ are valid for u e; d ðtÞ and the constants appearing there are essentially independent of d and e. First, by taking the limit as e ! 0 we obatin the solution u d ðÁÞ A X . Next, by taking the limit as d ! 0 we obtain the desired solution uðÁÞ A X (see [11] ). We note that L 2 continuity of uðtÞ follows by the uniform convergence of u d ðtÞ on each interval ½0; T, T > 0, as follows. First we easily see 
where we have used the L y estimate of u d ðtÞ. But, by the assumption on r we see
and hence we obtain from (3.15)
; 0 < t a T; ð3:16Þ for any T > 0. Thus we conclude that u d ðtÞ converges to uðtÞ in L 2 uniformly on each compact interval ½0; T as d ! 0 and hence, u A Cð½0; yÞ; L 2 Þ, i.e., u A X . Needless to say, uð0Þ ¼ u 0 .
The uniqueness of the solution in X satisfying the estimates (2.5)-(2.9) (in fact (2.7) is su‰cient) follows from essentially the same argument as in (3.16). Indeed, for possible two solutions uðtÞ; vðtÞ A X with uð0Þ ¼ vð0Þ ¼ u 0 we have, for any e > 0, kuðtÞ À vðtÞk ; e a t a T; ð3:17Þ with any T g 1. Since the right-hand side of (3.17) tends to 0 as e ! 0 we conclude uðtÞ 1 vðtÞ, 0 a t < y.
We can show by almost the same argument that uðÁÞ A Cð½0; yÞ;
Also it is easy to see
The continuous dependence on the initial data is proved similarly. The proof of Theorem 2.1 is complete.
Proof of Theorem 2.2 and Corollaries 2.1, 2.2
Let B 0 be a bounded set in L 2 . We already know that SðtÞ is a continuous semi-group in L 2 and 6 tbt 0 SðtÞB 0 is a bounded set in L 2 V L y for arbitrary t 0 > 0. As a consequence we know that SðtÞ is continuous semi-group on any L p , 2 a p < y for t > 0. Then, by a standard argument, to show the existence of ðL 2 ; L p Þ, 2 a p < y, global attractor it su‰ces to prove the following claims:
(1) There exists a bounded set B H L p such that for any bounded set
(2) For any bounded set B 0 in L 2 , SðtÞB 0 is asymptotically compact in L p , that is, for any sequences fu 0; n g H B 0 and a real sequence t n with t n ! y as n ! y, there exists a subsequence fn 0 g such that fSðt n 0 Þu 0; n 0 g is convergent in L p .
Indeed we can show that if the above (1) and (2) 
with some C > 0 is an absorbing set in the sense of (1). (It is easy to show that there exists a minimum constant C > 0 such that the set B in (4.1) is an abosorbing set.)
To show the asymptotic compactness we prepare: Multiplying the equation by fðxÞ 2 juj pÀ2 u we have
Here,
Hence, we have
where we have used the inequality (see (4.2)) j'fj mþ2 jfj Àm a CR
ÀmÀ2
if 0 a ym a 2; y > 0:
We know already
Thus we obtain from (4.3)
C Þ Þ for t b 1. Since R g 1 is arbitrary we conclude from (4.4) that the assertion of Proposition 4.1 is valid.
Let us show that SðtÞB 0 is asymptotically compact in L p . Let fu 0; n g be a bounded sequence in L 2 and t n ! y. By Proposition 4.1 we see that for any e > 0, there exist N e > 0 and R ¼ R e > 0 such that 
Proof of Theorem 2.3
We continue the estimation of the gradient 'uðtÞ of the solution uðtÞ. We carry out formal caluculatios, which can be justified through appropriately smooth approximate solutions. The following L p estimate of 'uðtÞ seems to be independently meaningful. 
( for any 0 < t 0 < 1 where we set
Proof. The proof is given again by a similar argument as in [11] and we sketch an outline. Multiplying the equation (1.1) by Àdivfj'uj pÀ2 'ug, p b m þ 2, and integrating by parts, we have
where we use the notation u i for qu=qx i . Here, again by integration by parts, ð Note that the approximate solutions u R are given as solutions of the problem in a ball BðRÞ, R g 1 with the boundary condition uj qBðRÞ ¼ 0. For these solutions we consider the integrals on BðRÞ and the following boundary integral appears on the right-hand side of (5. Let us proceed to the estimation of k'uðtÞk y . Our result is the following.
Proposition 5.2. For 0 < t 0 < 1, we have the estimates: In this situation we can show inductively that k'uðtÞk p n a h n t Àl n ; t 0 < t a t 0 þ 1; ð5:11Þ 
